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Motivation

P The integrability-preserving deformations of O (N ) sigma models are known to
admit the dual description in terms of a coupled theory of bosons and Dirac
fermions with exponential interactions of the Toda type (Fateev, Onofri,
Zamolodchikov'93, Fateev'04, Litvinov, Spodyneiko’18).

P On the other hand, there are known examples of the integrable superstring
theories, such as type 1B AdSs x S° (dual to N =4 SYM) and others, which
also have integrable deformations.

» Qur strategic goal is to build a similar dual description for the deformed
AdSs x S® type 1B superstring (Arutyunov, Frolov et al.) and, possibly, other
theories of this type.

P There are three major problems on this way:
1. Incorporate the fermionic degrees of freedom into the construction of dual theory.

2. Adapt the whole construction to describe the sigma models with non-compact target
space.

3. The superstring theory possesses the reparametrization symmetry and requires gauge
fixing, which makes us include this symmetry into the dual description.

P In the present work we address the first problem generalizing the dual description
of the deformed O(N) sigma models to account for the OSp(N|2m) sigma
models.
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The undeformed OSp(N|2m) sigma model

» The OSp(N|2m) sigma model is given by the symmetric space sigma model on
the supercoset
OSp(N|2m)
OSp(N —1[2m) ~

P The action for the supergroup-valued field g € OSp(N[2m) is
R2
So=—— J d?x STr(J,PJ_],

where J+ = g~ 10 g takes values in the Grassmann envelope of the Lie
superalgebra osp(N|2m;R) and STr is the invariant bilinear form.

» We are considering the symmetric space with the Z, grading
g=osp(N2m;R) = g(o) ® g(l) , g(o) = o0sp(N — 1]2m; R)

and P being the projector onto the grade 1 subspace.

» This model is quantum integrable and has the following rational S-matrix
(Saleur, Wehefrizt-Kaufmann'01)

§1201(0) = 01(0) B2 + 02(0)P2)! + o3(0)12)L

i1io i1t i1is i1t
where
2im 2im

01(0) :7(N 72Tﬂ,72)(i7’(79)0‘2(9)’ 03(0) :*mdﬂe) -
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Trigonometric OSp(N|2m) R-matrix

» Besides rational solution, the Yang-Baxter equation

pkok 5 k3j %737 »kak; »iszk %572)
REZE (RS (n+ p)RZZ (p) = REZZ (REE (1 + p)RZL (p)

i1t i2i3

has the trigonometric solution (Bazhanov, Shadrikov'87) with the parameter q.

» Introducing the parametrization
__ L2imA _
qg=e , u=(N—-2m—2)A0,

we observe that for A = 0 it is consistent with the rational limit and in the special
point A = % the R-matrix demonstrates an interesting behaviour.

» It becomes proportional to the S-matrix, corresponding to the scattering of the
free theory consisting of % Dirac fermions and m superghost particles in the case
of even N and the same plus one boson in the case of odd N.
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Special point of the OSp(N[2m) R-matrix
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» The O(3) example with N =3, m =0 at A
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» The OSp(1]2) example with N =1, m =2 at A
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The deformed O(3) dual model

P In the work (Fateev, Onofri, Zamolodchikov'93) there was studied the dual
description of the sigma model with the metric (A = v + O(v?))

2_ K dr? 1—12 5
ds _v((17r2)(17|<2r2)+17|<2r2d¢ '

In the other limit A — % the special integrable perturbation of the Sine-Liouville
theory (A = 1 — 22 4+ 0(b*))

(auq))Q + (au(P)27
871 871
B ? (eb(l)+i[5(p 4 ebP—iBe | —bO+ife | efb(l)fifi(p) B

2
m <e2b¢72+e*2bq’) . B=V1+012.

T 327b2?

L =

The sigma model coupling constant in the regime b — 0o is v = % + 0 (b—ﬂ).

» Using the Coleman-Mandelstam boson-fermion duality (Coleman'75,
Mandelstam'75) (0 )%/ (87) — ipyHou, eTBe 5 (14 v5), we obtain

(0.®)2 - 2
B B A

7T
L= __ToT
(1+1b2)

(by*p)2—

m2
87tb2

— mpP cosh(bd) — sinh?2(b®) .
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Building of the dual model

Guiding principles to look for the dual description (Litvinov, Spodyneiko'18)

1. The theory with the S-matrix as above has to be renormalizable (at least 1-loop).

In the case of the deformed O(3) it can be checked by the RG flow of the
“sausage” metric.

2. The dual theory is found as an integrable perturbation from the special point of
the S-matrix and is determined by the set of screening charges, which commute
with the integrals of motion in the leading order in the mass parameter

{I%ee,Je”‘“‘b)dz} =o0.

In the case of the deformed O(3) they are ePP+iB® bP—ifeo o—bO+ife 5pq
e—bP—ifo
3. Our model is an integrable deformation of the CFT, based on the coset

0sp(NI2m)w
0sp(N —1]2m)y |

Again, in the O(N) case they are 50(N )y, /50 (N — 1),,.
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The Yang-Baxter deformation of the OSp(N|2m) sigma model

P The action for the Yang-Baxter deformed model is (Klimcik'02,Delduc’13)

1

_ | g2 —_N a2 -
Sn_deLn— 2VJdXSTr[]+P1_n:RgPIJ,

where 1 is the deformation parameter and Vv is the sigma model coupling.
P The operator Ry is defined in terms of an operator R : g — g through
_ aq-1
Rg =Ady" RAd, ,

with R an antisymmetric solution of the (non-split) modified classical
Yang-Baxter equation

[RX, RY] — R([X, RY] + [RX, Y]) = [X, Y],
STrIX(RY)] = —STr[(RX)Y], X,YeEg.

P In terms of coordinates on the target superspace
Ly =(Gmn(z) +Bun(z))d4zN0_zM, M = (x*, ),

where GMN = (—I)MNGNM and BMN = —(—I)MNBNM.

» We explicitly calculated Gpn(z) and Bain (2) in the range of parameters
N=1,...,8and m=1,2,3.
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Ricci flow

P Substituting the metric and Kalb-Ramond field of the deformed OSp(N|2m)
sigma model for m =1 with N =1,...,6 into the Ricci flow equation

d
RmN + EEMN +(LzBE)mNn + (dY)mMn =0, Emn = Gmn +Bun -
we indeed find (t ~ log Ayv)

dv _ o dn_

—v(N=—2m —2)(1+n?).

dt ' dt
which is the natural expectation for general N and m.. It agrees with the known
result for m = 0 (Squellari'14, Litvinov, Spodyneiko’18).
» Taking v =nR~2 with n — 0, we find the RG flow in the undeformed limit

dRr? )
—— = (N —2m—2)R?.
dt ( m—2)

» Solving the renormalisation group flow equations for real 1 we find cyclic
solutions. This motivates us to consider the analytically-continued regime
v—=1iv, n— ik,
in which we have ancient solutions. In this regime the solution is
v = constant, k = —tanh (v(N —2m —2)t) .

P Therefore the model in question is asymptotically free in the UV for
N —2m > 2. From now on we will concentrate on the simplest case of this type,
i,e. N=5and m =1or OSp(5/2).
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OSp(NJ2m) action from O(N + 2m) action

» Although the general form of this trick is known to us, for conciseness let us
consider the case N =2n + 1 and m = 1. The simplest way to write the
deformed O(2n +1)/0O(2n) action is to use “stereographic” coordinates

n -
dS2 _ Z Ky dede

- 2 e
— 1—
k=1 (1+zZx)? (1 -t (1+§E§t) >

where
k—1 2
1—2z;Z;
i%j
= || Par—— k=1,... .
K=K <1+ij]> ' e

P The transition to different deformations OSp(N|2) action from the O(N + 2) is
made by the substitution for some zy

z —>i:7¢1+i¢2 z _)i:71p1—ixp2
ARV V2 TR V2

Further we concentrate on the case k = 2.

> Also we go back to the “spherical” parametrization of the coordinates z;

11—y id;

i =4/2
5 1+
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The deformed OSp(5]2) sigma model action

P Let us now turn to the specific case OSp(5/2). The deformed sigma model is
parametrised by four bosons, ¢1, ¢2, r1 and 12, and a symplectic fermion, { ¢,
where a =1, 2.

P> The Lagrangian following from the previous slide is

(1) K 0 T167T1 2
£ = + (1— 0, d10_p1+
* v(1— k2r?) 1—12 (1 —=r) ! B

kT2 (1 — K212 + (1 + &21ir2) Y - )

X
v(1— k2rir3)?

+ikT1(047110 P11 — 04 P10 7))+

04120713
1—r13
B k13 (1— K21} 4+ 1 (14 2D - )) (040 — ixr2(1+ 2 - )o b A D]
_ 5 —,

v(1—k2r})2

+(1—73)0 1 d2d o +ikrira (14 - P) (04120 o — D h2d_T2) | —

where we have introduced the following contractions of the symplectic fermion

X X' =eawx®X’®, XAX =8x"%x'".

11/ 27



UV limit of the deformed OSp(5/2) sigma model

P> We are interested in the expansion around the UV fixed point, that is k = 1. The
specific limit we consider (Litvinov'18) is given by first setting

“21) 1, =tanhxs, 11)“:2(—:%6“, K=1——,

T1 = exp(—ee 5

and subsequently expanding around € = 0.

P Introducing the complex fields
X1 =x1—id1, Xo =x2 —ids , 0 =0!'—i0?,

we find the following expansion

= %(mxla,xf 0, X0 X5 + ie1 (1 1e2O0%)0, 00_0%)—

- %(e%mxla,x’; 1 e 222 (1 4 212 @O%)d, X290 X}

s

K

+ e 21722 (1 4 2{e21@0%)0, X50_Xo+
+ 1e™1(1-2ie?1©0*)9.,00_0%) + 0(e?),

up to total derivatives.
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CFT's defined by screening charges

» Let @(z) = (@1(z),..., on(2z)) be the N—component holomorphic bosonic
field normalized as

@i(z2)@j(z") = —bilog(z—z')+... at z— 2z,

and & = («xg,..., &N ) be the set of linear independent vectors.
P> We define Wx-algebra as a set of currents W (z) of integer spins s such that

j@ elareEWw (2)dg =0, rv=1,...,N.
Cz

» For generic & there is a spin 2 current
1 N (ot - &)
Walz) = ~3(00(2)00 () +(p-0%0(z), o) (1422 ) s,
r=1

and (&y - &) = &y . The corresponding central charge is
c=N+12(p-p).

» For N =1 we have a current

1 > 1 o\ Lo
T =—=(0 —+ —]0%p.
(o) 5 (0®) +<a+2> ¢
The same algebra can be defined through the dual screening charge §e°‘v“’dz
with oV = 2.
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Bosonic and fermionic roots

P Depiction of bosonic roots

O — bosonic root: (& - &) = generic

P If the current W satisfies commutativity condition it should be of a special form
Ws = W (T((pH)’ (PJ_) ,

where

def (‘xr‘(P)’ (pldéf(p_(‘xr‘q))“r’

@l (ot - o)

(ot - ‘xr)%
1
2

and T((pH) is given by Wh(z) with o« = (& - &)
» Depiction of fermionic roots

® — fermionic root: (& - o) = —1

P In the coordinates defined above it corresponds to the complex fermion. The

communant of the corresponding screening charge §eiiq’\| (%) dz consists of all

ws =PpTos—Iyp, s =23, ...
P> Among these currents only wy and w3 are independent. Therefore

W :Ws(w2(<9\|)'w3(<9\|)’<h)- (2.1)
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Properties of the systems with bosonic/fermionic roots
» Bosonic root duality: the bosonic roots always appear in pairs

a« and oV = 2a .
(- )

» Dressed/sigma-model bosonic screening: (x; - &) = & is arbitrary

) 2(o1 + a2)
Sg =¢(a1-d¢)ePrz®ldz, here ==
B %( 1:0@) where B, (oq 1 o0 )2
o1 X2
» Dressed/sigma-model fermionic screening: (o1 - &) = —1

szi;(oq-a(p)e(ﬁu“")dz, where B =var — (1+v)axs
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Dressed /sigma-model fermionic screening

» The parameter v cannot be fixed if only the two roots «; and o are present.
» One way to fix the parameter v is to embed in larger diagram. For example,

consider the diagram

—-—--®
o o o3
Then the parameter v in the vector 3,3 is fixed from the condition

([323'“1):—1 — vV =——.

» Another case also important for us is

Then the parameter v in the vector B3, is fixed from the condition

(Bag-ox2)=1—-& — v=E&—1

16/ 27



Deformed O(5) sigma-model

> Our CFT Z0nts
b2

following diagram

with the central charge ¢ =4 + % — 11)—22 corresponds to the

1+42b2

x1

P Affinization of the diagram above corresponds to adding one root as which
completes triangle on the right
o2 &5

1+2b2 —1-2b2
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Blow-up transformation

» Now we describe transformation B of the root system, we call it blow-up, which

acts as
O(N) — OSP(N|2),

or more generally as
OSP(N|2m) — OSP(N]2m + 2) .

It can be applied to both conformal diagram and its affine counterpart.

P It acts on any root except &1, &2, &on and aon+1 and produces two fermionic

roots out of one. On fermionic root « it acts as follows

T T
o= —bE+ife 25 (B, By} = {—§E+ %e,%e— %e} ,

where € is a new basic vector.

P Altogether this can be shown as follows

—b? 1+b2




Screening charges for the deformed OSp(5]2) sigma model

» Consider the simplest case of OSP (5|2) affine diagram. According to our rule it
is obtained from O (5) diagram by blowing up the root «3

o) o5
® & &.
\\ s « B /7

O 38'"""85 O

B12 // B1 132—\ Bas
7 [T AN

B BT
o1 oy

» The vectors o, can be parameterized as follows (f = /1 + b?)

x; =bE; +1pBe1, o =DbE;—iPfe;, «o3=-—bE;+1iPer,
(X4ZbE2—i|3€2, 065:_bE2_i(362:
1 ip ib i i ib

= —— — = —€ — — i: — JE———
By = bE1+b€, Bo Be Bez, B :|:661 Be,
1 i 1 i
ﬁf‘igb—?ﬁey Bo =L E1, 1345:E92-
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Dual model lagrangian

P In our case, there are two types of fields which cause UV divergencies. Either
exponential ones
elo®)

or dressed/sigma-model fields
e (o, 00)(a",d9), (xya)=—1, (aB)=(a",B)=1.

» OPE of exponential fields has the form

T 2(ar-ots)
elar-@(z))olas-@w)) _ 0 ellartas)eo(w)) L

z—Ww

P> We see that the perturbation theory contains divergent integrals for all scalar
products which tend to 1 in the limit b — 0. These UV divergences can be
regularized by subtracting the following counter terms from the Lagrangian

2
nAr/\sré“r+“*S)

or+os) @)
(otr - axs) —1

ol

for each o and «g such that (o, - &g) — 1 in the limit b — 0.
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Metric for the deformed OSp(5]2) sigma model

» By taking the dual screenings we obtain the following system, which includes the
dressed screenings

B
» By choosing z = x! —ix? (Z = x! 4+ ix?) and then conducting Wick rotation
x2 = ix9, we obtain the action in Minkowski signature

2 3
L= (Z (210 (@_0f)+ Z(amj)(aw,»)) +
i=1

j=1

(0]

_iB g i i _ D
+A1e B P33, (bDy+iBd2) o (bDy—iRdr)e b +

(]

®q i
+04 (bDy —iBdp) 0 (bDy+ ifdo) eT> +Age” B TTB P34

D T[b2 ®q
+ A304 (b®; +1iBd1)0— (b®; —ifd1)e b + ?All\geT X

D D
x <a+ (b®y +iBda) 0 (b®y — ifda)e B + 01 (b®y— ifda)d— (bDy+ifca) eT2>+.<.
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Restoring the deformed OSp(5/2) sigma model in the UV limit

» Then we fermionize the ¢3 field This after the integrations over the W; and ‘P;
components yields the following action

2 2
1 ) )
L=g Y (0, 01)(d-Di) + Y (34¢;)(0-py) | +21W] 0 Wi +2iw]o, Wot
i=1 j=1
27 . _ip . . _%
+?w{w§w2w1ﬂ/\lw{w2e 5 b3 (a+ (b®s +iBd2)d_ (bDs — ifdo) e & +

@

. D
13, (b®y — iBdr)d_ (bDs + i do) eT2> — iAW We B 4

. . @1 mb? 1
+ N304 (b®1 +1iBP1)0- (bD1 —iBd1)e™® +?/\1/\26 5 X

[P

x (a+ (b®s+ iBs) 0. (bDs— iBahs) e F +
10, (b®y— iBda) D (bDs+ iBda) e ®2> o

P> This after the integrations over the W; and ‘Pz upon identifying @12 =2bxz 1,
$12 =2bps; and ‘PJ{ = bO*, W, = bO together with taking the limit b — oo
and adjusting properly the coefficients Aj23 (o’ = %) we obtain dividing by 4

the UV limit originating from the screening picture.
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Screening charges in the b — 0 limit

» By taking the subsystem of screenings, which are regular in the limit b — 0

1+42b2 —1-2b2

o x4

» We are able to write the lagrangian of the dual model

3
L= (00)(d®:)+ ) (3¢;)(d@;) | +2A1e"®1cos 1+
i=1 j=1

+ A20 (D1 — iB@3)d (D1 + if p3)e PP1TIBO2y

+ A3 (eibd’zfﬂ‘%‘pz + ebd)zfiﬁ“’z) + (counterterms)
P This action appears to have only finite number of counterterms!
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Dual model lagrangian for the OSp(5|2) case
» Utilizing the bosonization of the complex fermion and By system
_ 1 iB 1 iB 5 - S
bd, = i - G bd,
e’ = BB, (ba(DhL ba<P3> (baqh ba(m)e =YY,

we get after rescaling @, = 2/7T® and b = 2/7tb

1 _ _ _ _ _
L= 0000 +i%y 0, Wy + Wy 0, Wa + BOY + BOV+

m?

+ 762 cosh? b® + mW, ¥y cosh b® + m¥, W, coshb® + m (BB — ¥v) cosh b

,L(\p Hy )Z,L(qf Hy, )Z,LE,B- +E(- )2+
8+%f)2 1Y ¥ 8+%‘62 2y X2 8+%‘52 Yy+ 5 Wy

+ 62U W Woy  Wo + B2T Wy + B2y W (BB — YY),

P Integrating out 3 and putting v = /m7Y

1. = _ _
L= 50030 + Py 0, W + %y 0, Vot

N 4b2 ~ _ 1 ==
+ (coshb® + erftﬂm*l\yzygyz) 1YY+
+ %

2
+ :%;2 cosh? b + mW¥; W, cosh bo + mW,W, cosh b® + m2YY cosh b®

0o _ 02 0o
(Prytw,)? —

_ b _
———— (Way*W3)2 + —m? (YY) +
57 2o 8+%b2( 2YHYs) > (YY)

+ BZ‘P1W1‘P2Y+\P2 — BZm‘Ijl‘leY + BZT\’L‘PQ‘YJF\PZP?Y .
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Wick rotation and tree-level S-matrix

» Now we are to continue to the Lorentzian signature
1 — _
L= Ea,®a+® + iV yHo W + 1WoyH o, Wat

02
+ (coshb® + %?Y +52m Wy, W,) e T, Y
7T
2
;L”)z cosh? b® — m¥;¥; coshb® — m¥, ¥, coshb® — m2YY cosh b

S GST VVAE S S VAR SLAETE S
8+ 2b2 e 8+ 2b2 2V 2

— B2 W Wy Wy + B2mP W VY — B2mWyy WL VY,

which allows us to write the lagrangian in the 1-loop approximation

9 DI, D 2 _ _ _ _
L= T“Tcp2 W (AyH0, — )W+ T (iy M0, — M)Wy + 0T, Y — m2TY
b2 52 b2 2 _ -
?mch“ — 7m‘£’1‘l’1®2 — 7mwQ\chpz - (0_Y3,. Y +m2YY)D?

b2 _ b2 _ b2 _ _ _
A (PyHwp)? — ?(‘sz”‘yg)Z — 7TT(67Y8+T +m2YY)

— B2 W Wy Wy + B2mP Y VY — B2m Wy, Wo (0_YO .Y + m?YY)

> We checked that the 2 — 2 tree-level S-matrix of the obtained lagrangian
satisfies the classical Yang-Baxter equation upon identification

2 . . .
A= % — % + O(b*) together with some gauge and twist transformation.

25/ 27



Conclusions and outlook

P> We found the action of the n-deformed OSp(N|2m) sigma models for several
N and m and put forward the hypothesis how to generate this action for general
N and m.

» The 1-loop RG flow of such models was studied and we found the UV stable
solutions. We considered the scaling limit of the deformed OSp(5/2) sigma
model action as an example.

» The system of screening charges, which determine the integrable structure of the
OSp(N|2) sigma model was built.

» By using it we demonstrated how to restore the sigma model action in the deep
UV in the case of OSp(5/2).

P Utilizing our system of screenings to write the dual model with the Toda type
interactions we can reproduce the expansion of the S-matrix in the vicinity of the

special point A = % checking that it satisfies the classical Yang-Baxter equation.

P> The next interesting step would be to try to adapt the dual description for the
sigma models with the non-compact target space (Basso, Zhong'18).
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Thanks for your attention!
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